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The hydromagnetric Rayleigh-Taylor instability of a composite medium has been studied in 
the presence of suspended particles for an exponentially varying density distribution. The 
prevalent horizontal magnetic field and viscosity of the medium are assumed to be variable. The 
dispersion relation is derived for such a medium. It is found that the stability criterion is 
independent of both viscosity and suspended particles. The system can be stabilized for an 
appropriate value of the magnetic field. It is found that the suspended particles can suppress as 
well as enhance the growth rate of the instability in certain regions. The growth rates are 
obtained for a viscid medium with the inclusion of suspended particles and without it. It has 
been shown analytically that the growth rate is modified by the inclusion of the relaxation 
frequency parameter of the suspended particles.

I. Introduction

The problem of the Rayleigh-Taylor instability 
of a heavier fluid supported by a lighter one has 
been widely discussed in recent years due to its 
relevance in controlled thermonuclear experiments, 
inertial fusion, magnetohydrodynamic power genera­
tion and astrophysics. The magnetic field generally 
has a stabilizing effect on the flow of a conducting 
fluid in Rayleigh-Taylor configuration. Chandra- 
sekhar [1] has presented a detailed and comprehen­
sive account of the investigations carried out under 
various assumptions of hydrodynamics and hydro- 
magnetics. He has discussed the problem of Ray­
leigh-Taylor instability of a heavier fluid supported 
against gravity by a lighter fluid considering both 
infinitely conducting fluids incompressible and 
permeated by a uniform horizontal magnetic field. 
Further, the [1] studied the influence of one dimen­
sional density stratification on the stability of the 
plasma as a separate case. Bhatia [2] extended the 
problem to include the effect of collisional fre­
quency of neutrals on the growth rate of Rayleigh- 
Taylor instability of a magneto-fluid with stratified 
density and observed its stabilizing influence. 
Bhatia [3] also examined the case of two super­
posed fluids of variable viscosity and infinite con­
ductivity immersed in a uniform horizontal mag­
netic field and found that the growth rate was 
suppressed on account of viscosity. Kent [4] has
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studied the effect of a variable horizontal magnetic 
field on the stability of parallel flows and found that 
the configuration is unstable under specific condi­
tions. Recently Sharma and Thakur [5] have in­
vestigated the Rayleigh-Taylor instability of a 
partially ionized viscous medium in the presence of 
a variable horizontal magnetic field in which there 
is a one dimensional density gradient along the 
vertical direction.

In addition to this, the problem of dusty gas in 
MHD is discussed at length by various authors. 
Scanlon and Segel [6] have examined the effect of 
suspended particles in hydromagnetics in connec­
tion with Benard convection and found that the 
critical Rayleigh number is reduced. Chhajlani et 
al. [7] have incorporated the self gravitation in 
rotating magnetized gas particle media with sus­
pended particles. Sharma and Sharma [8] have also 
analyzed the Rayleigh-Taylor instability for a 
medium consisting of two superposed fluids in­
cluding suspended particles and showed that the 
criteria determining stability and instability of the 
system remain uninfluenced by the presence of 
suspended particles.

In view of the importance of suspended particles, 
we have carried out a Rayleigh-Taylor stability 
analysis of a composite MHD medium with sus­
pended particles. Sharma and Sharma [8] have 
considered the problem of Rayleigh-Taylor instabil­
ity of two fluids with unequal densities, but we wish 
to investigate the problem with a single fluid having 
a vertical density gradient. Thus our object is to

0340-4811 / 84 / 1000-0924 $ 01.30/0. -  Please order a reprint rather than making your own copy.

This work has been digitalized and published in 2013 by Verlag Zeitschrift 
für Naturforschung in cooperation with the Max Planck Society for the 
Advancement of Science under a Creative Commons Attribution-NoDerivs 
3.0 Germany License.

On 01.01.2015 it is planned to change the License Conditions (the removal 
of the Creative Commons License condition “no derivative works”). This is 
to allow reuse in the area of future scientific usage.

Dieses Werk wurde im Jahr 2013 vom Verlag Zeitschrift für Naturforschung
in Zusammenarbeit mit der Max-Planck-Gesellschaft zur Förderung der
Wissenschaften e.V. digitalisiert und unter folgender Lizenz veröffentlicht:
Creative Commons Namensnennung-Keine Bearbeitung 3.0 Deutschland
Lizenz.

Zum 01.01.2015 ist eine Anpassung der Lizenzbedingungen (Entfall der 
Creative Commons Lizenzbedingung „Keine Bearbeitung“) beabsichtigt, 
um eine Nachnutzung auch im Rahmen zukünftiger wissenschaftlicher 
Nutzungsformen zu ermöglichen.



940 R. K. Chhajlani et al. • Rayleigh-Taylor Instability of a Medium

discuss the Rayleigh-Taylor instability of a magneto- 
fluid of stratified density in the presence of sus­
pended particles. We regard the horizontal mag­
netic field and the viscosity to be variable. We 
formulate the problem for the general case and 
discuss both the longitudinal and transverse modes 
of propagation. We also investigate analytically the 
growth rate of the instability with the relaxation 
frequency of the suspended particles.

II. Formulation of the Problem

Consider a horizontal gas-particle layer of depth d, 
unbounded in the horizontal (x, y) directions and 
bounded by surfaces at z = 0 and z = d. The fluid 
is considered infinitely conducting and viscid. The 
particles are assumed to be nonconducting. The 
system is embedded in a variable horizontal mag­
netic field (77 (r), 0, 0) acting transverse to the 
direction of gravity g (0, 0, g).

Let i(x. t) and N (x, t) describe the velocity field 
and the number density of the particles. Assuming 
the particles to be of uniform size and spherical 
shape, the net effect of the particles on the gas is 
equivalent to an extra body force term per unit 
volume K N (v-u). Here u (v, v, w) represents the 
velocity field of the gas, K = 6tzqvi (Stoke's drag 
formula) where v is the kinematic viscosity and a the 
particle radius. The relevant basic equations of the 
hydromagnetic fluid-particle medium are

du
o—— I- p(u • V) u 

dt
= -  Vp + —  [(V x h) x 77]

4 tc
16vv du \ du 

+ pV2u + gg + —  + —  —  + K N (v -u ) , 0 )

a h
dt

dx

— (77 ■ V) u — (w • V) 77 ,

V • w = 0 , V • 7/ = 0 ,

(2)

(3)

(4)

where g, p, p denote the density, the pressure and 
the magnetic permeability of the gas, respectively, 
x = (x, y, z). The density changes are small except 
in the gravity term. The force exerted by the gas on 
the particles is equal and opposite to that exerted 
by the particles on the gas. The buoyancy force on 
the particles is neglected as its stabilizing effect for 
two free boundaries is extremely small. Interparticle

distances are assumed to be so large that inter­
particle reactions can be ignored (Scanlon and Segel 
[6]). Under these restrictions the equations of motion 
and continuity for the particles are

mN
dt 

dN
~äT

+ (r-V)i. = -m N g  + K N (v -u ) (5)

+ V • (TV i') = 0 (6)

where mN is the mass of the particles per unit 
volume. The initial state is characterized by u0 = 0,
v0 = 0 and N0 = constant.

III. Perturbed Equations

The stability of the initial state is studied by 
writing the solution to the full equations as the 
initial state plus a perturbation term (denoted by 
primes):
u = u0 + u ', v = i0+ v ',  N = N 0+ N ',  
77 = 770 + h ', p = p 0 + Öp and @ = q0 -I- ög ,

where dp and öq denote the perturbations in the 
pressure p and density g, respectively. Upon assuming 
infinitesimal disturbances and dropping primes, we 
find that the linearized equations for the perturbed 
physical quantities becomes

du = -  Vbp + (V x h) x 77 + —  (V x 77) x h
dt 4 n 

I Sir du

T g j + l l r . . .

dp 
"d7

4 tc

+ K N (v -u )

dh/dt = (77 • V) m -  (w • V) 77 , 

V -if= 0 , V • A = 0 ,
e
dt

öq + (u-w)q = 0.

(7)

(8)

(9) 

(10)

(11)

where x=m/K denotes the relaxation time which 
governs the effect of particles.

Analyzing the disturbance in terms of normal 
modes we seek solutions of the above equations in 
which the perturbation have a space and time 
dependence of the form

F(z) = ikxx + ikvy + n t , (12)

where k = ][k2 + k2 is the wave number and n is 
the growth rate of the harmonic disturbance.



Substitution of (12) in (8) gives v in terms of u. Further, inserting v in (7) and employing (12) we 
obtain the components of (7) as

[o(zn + \) + mN]nu= - (1  + zn) ikxSp + p( 1 + zn)(D2 -  k2) u

+ (ikxw + Du)( 1 + z n )D p + — (\ + zn)(D H )/u , (13)
4 71

[o(zn + 1 ) + mN]nv = -  (1 + zn) ik vSp + p( 1 + r n)(D2 -  k2) v

+ (1 + zn)(ikvw + Dv)Dp + —  (1 + r n) H (i kxhv- i  kvhx) . (14)4 n

[o(zn + 1) + mN]nw = - ( l  + rn) D öp + —  H(\ + zn)(i kx h . -  D hx)4 n

+ p{\ + zn) (D2 — k2) w - — ( 1 + zn )(D H )h x
4 71

+ 2(1 + zn)Dw Dp + — {\ + z n) (D q) w , (15)
n

d
where D stands for the operator — .

dz

Also we have, from (3)-(5),

nhx = ikxHu — wDH , (16)

nhy = ikxHv , (17)

nhz = ikxH w , (18)

n öq= — wDq, (19)

ikxu + ikyv + Dw = 0 , (20)

ikxhx+ ik yhy+ Dh. = 0. (21)

Multiplying (7) and (8) by / Arv and / ky, respectively, and after adding using (9) to eliminate we 
obtain

n[(zn + l) + /nAf/e][D(ßflw) -  - —  /ä:x( t« +  1) [//(Z>2 -  k2) h. -  (D2 H) lu]
4 71

— p{D2— k2)2 h'(t n + 1 ) - ( t«  + 1 ){D2- k 2)DpDw

a k2— (zn + \)D2\x(D2 + k2) \v + - — (zn+  \)(Dq)w = 0. (22)
n

Finally substituting for lu from (13) we get the following differential equation in vv:

n[(zn+ \) + m N/q] [D (q D w) -  k2 q vv] -  // (r n + 1) (D2 -  k2)2 w -  (z n + 1) (D2 -  k2) Dp D vv

~ (zn+  1 )D2p (D2 + k2) w + k\ (1 + t n) {H2 (D2 -  k2) vv + D (H2) D vv}
4 ti n

a k2
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+ - — (zn + 1) (Dq) vv = 0 . (23)
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We shall now solve (23) for a continuously strati­
fied (one dimensionally) composite medium of 
finite depth d in which the density of the magnetized 
pure gas is given by

e(r) = a>expG»r), 0 (24)
@(r) = 0 elsewhere .

where ß is a constant and g0 is the density at the 
lower boundary. It should be pointed out here that 
a similar stratification is assumed for the suspended 
particles. For the sake of mathematical simplicity, 
we consider the distribution of coefficient of vis­
cosity and magnetic field also to be exponentially 
stratified as

IV. Dispersion Relation and Discussion

n(z) = po exp {ß z) 
H2(z) = H20exp (ßz)

(25)

It follows from the above equation that the kinematic 
viscosity and the Alfven velocity VA = {H2pe/4nQ0)]/2 
are constant throughout the medium.

IV. (A) Inviscid Medium Without Suspended Particles

It is elucidating and easier to reduce (23) first for 
the inviscid and magnetized pure gas medium 
(i.e. in the absence of suspended particles). By 
employing (24) and (25) in (23) for the case IV. A 
we obtain after simplification:

(g ß/n — k\ V\/n — n) k2 w
D- w + ßD w + — ------- ------------ ------= 0 . (26)

(« + k2 Vl/n)
The solution of (26) appropriate to the boundary 

condition at z = 0, w = 0 can be written as

H'(z) =v4(exp(wiz) -  exp(m2r ) ) , (27)

where m, and m2 are the roots of the equation

, [gß /n - k 2 V2A/ n - n ] k 2
m + ßm -I---------------T—=----------

(n + k2 V /̂n)

The vanishing of if at z = d requires 

exp(/>?i -  m2) d = 1 ,

= 0. (28)

(29)
i.e.

(m, — m2) d = 2  is  n,

where 5 is an integer.
From (28) and (29) the dispersion relation can be 

worked out as

where we have written
/2 = Trs2/d2 + ß2/4 .

Here we can distinguish two modes of propagation
(i) Longitudinal mode (kx = k, kv = 0). The dis­

persion relation in this case is (30) with kx = k. 
If ß < 0, we find that the configuration is always 
stable.

However when ß > 0 we find that the medium 
becomes stable only for wave numbers which satisfy 
the inequality

k2> g ß /V l- l2. (31)

The above condition is the same as was obtained 
by Talwar [9],

(ii) Transverse mode (kx = 0, kv -  k). In this 
case(30)reduces to

, g ß kl
(i2 + k:

= 0. (32)

Therefore, the medium is stable or unstable accord­
ing as ß ^  0. as discussed by Chandrasekhar [1], 
Hence, we could extract the dispersion relation (30) 
as a special case of (23) and the results are the same 
as discussed by the previous authors.

IV.(B) Viscid Medium Including Suspended Particles

In this section we will restrict our treatment to the 
case when both bounding surfaces are free. This is 
somewhat unrealistic but nevertheless of importance 
because it allows for an exact solution of the 
problem. Further, this analysis is relevant in the 
case of stellar atmospheres as pointed out by 
Spiegel [10]. We shall now derive the dispersion 
relation from (23) which includes both the mag­
netized gas and suspended particles. Substituting 
(24) and (25) in (23) and neglecting the effect of 
heterogeneity on inertia, we have

(F)2 — k2)2\v k\ Vl+ n(Tn+ 1 + mN/g)
n v0 (tw+ l)v(

i 2\ ff ß k'2 n• (D~ — Ar)w --------- w = 0 . (33)
n v0

n2 + [k2 V l-g ß k 2/(l2 + k2)] = 0, (30)

In a study of thermal instability in hydromag- 
netics Bhatia [11] has asserted that the case of rigid 
boundaries can be solved by a variational method, 
but the results of free and rigid boundaries differ



very little. Hence it is justified to solve this problem for two free boundaries. The relevant boundary 
conditions, on following Bhatia [11] and Shrivastava [ 12] for the case of free-free boundaries, are

u' = 0, D2 vr = 0 at z = 0 and z = d , (34)

where v0 = p0/g0. The proper solution of (33) in view of the boundary conditions stated in (34) is

h' = A sin (m 'nz/d), (35)

where m' is an integer.

In fact w and all its even derivatives vanish at .v = 0, d. We substitute the value of vv in (33),which on 
further simplification yields
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m n \2 , 
+ k2 + \k\V l | n (x n + \+ m N /Q ) \ U m 'nV  |-----——-------- , .—— I t  K- — g ß k2/n v0 = 0 . (36)

n v0 (x n + 1) v0 ] [\ d /

The above equation can be written as

r n3 + n2 [m N/q +Lv0z] + n [L v0 + r (k2x V \-  g ß k2/L )] + [k2x V \-  g ß k2/L ] = 0 , (37)
where we have put (m' n/d)2 + k2 = L.

Next, writing/s= 1/r in (37), where / s is the relaxation frequency parameter of the suspended particles, 
we obtain

n3 + n2[ft (1 + mN/q) + Lv0] + u[L v0/ s + (k\ -  g ß k2/L )] + Js [k2 V\ -  g ß k2/L ] = 0 . (38)
It is readily seen from (38) that for ß < 0, which is the criterion of stable density stratification, the 

above equation does not admit any positive root, implying thereby that the system is stable. For unstable 
stratification ß > 0. The gas-particle medium is stable or unstable according to

k2xV2^ g ß k 2/L . (39)

Hence, it is evident from (38) and (39) that the stability criterion is independent of the presence of 
suspended particles and viscosity.

From (39) we find that for ß > 0 the system is unstable in the absence of a magnetic field. However, 
the system can be stabilized for a value of the magnetic field which satisfies the inequality

V l> g ß k 2/k2xL. (40)

We find that for ß > 0 and k2 V\ < g ßk2/L (38) has, at least, one positive root which will destabilize the 
medium for all wave numbers. Let n0 denote the positive root of (38), hence

4  + 4 [fs{mN/q+\) + L v0] + n0[L v0/ s + (k2x V2- g ß k2/L )] + f  [k2x V2- g ß k2/L ] = 0 . (41)

In order to have an insight into the role of suspended particles and viscosity on the growth rate of unstable 
modes, we evaluate dnjdfs and dn0/dv0 and examine their nature. From (41) we obtain

dno= _________nj (mN/e + \)  + n0Lv0+ (k2x Vj -  g ß k2/L)
df\ 3 «o + 2 «o [ /s (1 + m N/q) + v0L] + [k2 — g ß k2/L + L f  v0] '

Therefore, in addition to k2 > k\ V^L/gß, which makes the medium unstable, we find that if either

I (k2 Vi -  gßk2/L) | > {3 nl + 2 n0 [ f  (1 + m N/q) + v0 L] + L f s v0} (43)

(k2x V l-g ß k 2/L) < [/i§ (l+ m ^ /e )  + /ioLv0], (44)

dn0/d f is always negative. In writing (43) and (44) we have taken note of the fact that mN/q cannot 
exceed 1.
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Thus, the growth rate decreases with increasing relaxation frequency of the suspended particles. How­
ever, the growth rate is enhanced with increase in the relaxation frequency parameter if

[nl (1 + m N/q) + n0L v0] < | (A:2X g ß k2/L ) < {3 n20 + 2 n0 [ /s (1 + m N/q) + v0L + L fsv0}, (45)

because in this case dn0/dfs becomes positive. Equation (45) defines the region where suspended particles 
have destabilizing influence. 

Next, from (41) we obtain
dn(] _ ____________________ ~ L ftp (ftp + / s)____________________
dvo 3nl + 2n0[/s(1 + mN/q) + Lv0] + [k2x g ß k2/L + L fsv0] '

It is evident from (46) that an increase in kinematic viscosity results in decreasing the growth rate of the 
disturbance if

{k2x V2~ g ß  k2/L) | > {3 nl + 2 n0 [ /s (1 + m N/q) + Lv0] + L  f s v0} , (47 a)

and the growth rate of the instability increases with increasing kinematic viscosity if

(k2x V2- g ß k2/L) | < {3nl + 2n0[fs(1 + mN/q) + Lv0] + L f sv0} . (47b)

Taking (37) and following the same procedure as 
above we can deduce the growth rate with viscosity 
in the absence of suspended particles i.e. (t = 0) 
which is

dvo 2n0 + Lv0 '

From (48) we conclude that the growth rate is 
always negative. Comparison of (46) and (48) re­
veals an interesting feature in that the simultaneous 
presence of suspended particles and viscosity can 
increase as well as decrease the growth rate, whereas 
if suspended particles are not included, then the 
viscosity always reduces the growth rate of the 
instability. Similar consequence of the viscosity 
have been reported in [3] but in the context of 
hydromagnetic Rayleigh-Taylor instability of two 
superposed fluids.

Thus we have studied Rayleigh-Taylor instability 
of a magnetized medium including suspended par­

ticles considering the viscosity, density and magnetic 
Field to be variable. The stability criterion is in­
dependent of the suspended particles and viscosity. 
The relaxation frequency of the suspended particles 
has a stabilizing influence on the growth rate in the 
regions (43, 44), and it has a destabilizing effect i.e. 
enhances the growth rate in the region (45). The 
kinematic viscosity is found to have a stabilizing 
as well as a destabilizing influence on the growth 
rate of instability under the conditions expressed 
in (47 a) and (47 b), respectively. But it is found that 
the viscosity reduces the growth rate of a clean gas 
medium (without suspended particles).
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